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ABSTRACT
We construct the Carrollian equivalent of the relativistic energy–momentum tensor, based on
variation of the action with respect to the elementary fields of the Carrollian geometry. We
prove that, exactly like in the relativistic case, it satisfies conservation equations that are im-
posed by general Carrollian covariance. In the flat case we recover the usual non-symmetric
energy–momentum tensor obtained using Nœther procedure. We show howCarrollian con-
servation equations emerge taking the ultra-relativistic limit of the relativistic ones. We in-
troduce Carrollian Killing vectors and build associated conserved charges. We finally apply
our results to asymptotically flat gravity, where we interpret the boundary equations of mo-
tion as ultra-relativistic Carrollian conservation laws, and observe that the surface charges
obtained through covariant phase-space formalism match the ones we defined earlier.
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1 Introduction
The Carroll group was firstly introduced in [1] as a contraction of the Poincaré group for
vanishing speed of light and this is referred to as the ultra-relativistic limit. The main fea-
ture is that, as opposed to the Galilean case, this group allows for boosts only in the time
direction: space is absolute.
We could wonder what happens when we take the zero-c limit of a relativistic general-
covariant theory. The resulting theory ends up being covariant only under a subset of the
diffeormorphisms, as illustrated in [2] , the so-called Carrollian diffeormorphisms
t′ = t′(t,x), x′ = x′(x). (1.1)
The ultra-relativistic limit breaks the spacetime metric into three independent data, a scalar
density, a connection and a spatial metric. These geometric fields are nicely interpreted
as constituents of a Carrollian geometry, as we will show in Sec. 2. Now considering an
action defined on such a geometry, covariant under (1.1), we are facing a problem in defining
the energy–momentum tensor. Indeed, in general-covariant theories it is obtained as the
variation of the action with respect to the metric. This requires the existence of a regular
metric i.e. of a pseudo-Riemannian manifold, but in the Carrollian case, as we mentioned,
there is no spacetime non-degenerate metric. Therefore, we must introduce new objects.
The core of Sec. 2 will be dedicated to the definition of these new objects, dubbed Carrollian
momenta, and obtained as the variation of the action with respect to the 3 geometric fields
mentioned above.
General covariance usually ensures that the energy–momentum tensor is conserved. In
the context of Carroll-covariant theories, we will derive similar conservation equations for
the Carrollian momenta. In order to gain confidence with these new definitions, we will
study a simple Carrollian action, and show that, on a flat geometrical background, the Car-
rollian momenta are packaged in a spacetime energy–momentum tensor which coincides
with the Nœther current associated with spacetime translations. This will be done in Sec. 3.
We will further discuss the intrinsic Carrollian nature of the ultra-relativistic limit. In-
deed, in Sec. 4, starting from the conservation equations of an energy–momentum tensor,
covariant under all changes of coordinates, we reach conservation laws that look strikingly
similar to the ones we derived for the Carrollian momenta, which are covariant only under
(1.1).
In general-covariant theories, the existence of a Killing vector allows to build a conserved
current by projecting the energy–momentum tensor on the Killing field. This ultimately
leads to a conserved charge. After briefly introducing the notion of conserved current in
the Carrollian context, we define in Sec. 5 the Carrollian Killing vectors and build their
associated currents and charges.
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There are by now different instances in which the Carrollian framework has found appli-
cations. For instance, it has been used in electromagnetism [3] and to discuss the so-called
Carroll strings [4]. The last part of this paper is devoted to yet another application of the Car-
rollian framework: flat holography. The latter is a holographic correspondence between a
theory of asymptotically flat gravity and a non-gravitational theory leaving on its boundary,
see [5–12] for recent progresses in this direction. Asymptotically anti-de-Sitter spacetimes
enjoy a timelike pseudo-Riemannian boundary and the associated metric sources its dual
operator: the boundary energy–momentum tensor. For asymptotically flat spacetimes, the
dual theory leaves on the null infinity I+. Nevertheless this surface does not carry the same
geometrical structure, it is a null hypersurface thus equipped with a Carrollian geometry [9]
and this will be the source for the Carrollian momenta. The conservation of the latter will
be shown to correspond to the gravitational dynamics in the bulk.1 As a cross check, it
has been shown [14] that the conformal Carroll group has a particular realization which is
nothing but the Bondi–Metzner–Sachs (BMS) group [15]: the symmetries associated with a
Carrollian structure match the asymptotic symmetries of the bulk.
In Secs. 6.1 and 6.2 we focus on the Carrollian theory on I+ and its relevance for grav-
itational asymptotically flat duals in 3 and 4 dimensions, and in Sec. 6.3 we study explicit
solutions, namely the Robinson–Trautman and the Kerr–Taub–NUT families.
2 Carrollian momenta
We start with a brief reminder on the energy–momentum tensor in the relativistic case, and
then define its counterpart, that we call Carrollian momenta, on a general Carrollian back-
ground. This requires the study of Carrollian geometry and covariance, which will be even-
tually the guideline for obtaining the conservation equations of these momenta. We also
extend our results for a scale invariant theory (Weyl invariant) and write the conservation
equations in a Weyl-covariant way. Finally, we focus on the flat case and show how, in this
case only, one can promote the Carrollian momenta to a "non-symmetric energy–momentum
tensor".
2.1 A relativistic synopsis
In a relativistic theory, the energy–momentum tensor is usually defined as
Tµν =
−2√−g
δS
δgµν
. (2.1)
1Some attention has been recently given to the interpretation of the bulk dynamics in terms of null conserva-
tion laws, see e.g. [13].
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For a general-covariant theory, it is easy to prove that it is conserved. Indeed, considering
the variation of the action under an infinitesimal coordinate transformation xµ → xµ + ξµ,
we have
δξS =
∫
dd+1x
(
δS
δgµν
δξgµν +
δS
δφ
δξφ
)
+ b. t., (2.2)
where d+ 1 is the spacetime dimension and φ stands for the various other fields of the theory.
We assume that we are on-shell so δSδφ = 0. Moreover, δξ is the Lie derivative, which for a Levi
Civita reads
δξgµν =∇µξν +∇νξµ. (2.3)
We thus obtain
δξS = −
∫
dd+1x
√−g Tµν∇µξν = ∫ dd+1x√−g∇µTµνξν + b. t.. (2.4)
If the theory is general-covariant, δξS = 0 for all ξ. From this we deduce that∇µTµν vanishes
on shell, which is the usual conservation law of the energy–momentum tensor.
2.2 Carrollian geometry
We briefly introduce here the Carrollian geometry, as it emerges from an ultra-relativistic
(c → 0) limit of the relativistic metric. It has been shown in [2, 12] that the conservation
equations of a relativistic energy–momentum tensor, covariant under all diffeomorphisms,
lead, in the c→ 0 limit, to equations covariant under a subset called Carrollian diffeomorphisms
t′ = t′(t,x), x′ = x′(x). (2.5)
An adequate parametrization for taking this limit is the so-called Randers–Papapetrou, in
which the various components transform nicely under this subset of diffeomorphisms. The
metric takes the form2
g =
(
−Ω2 cΩbi
cΩbj aij − c2bibj
)
{cdt,dxi}
(2.6)
where i = {1, . . . ,d}. Indeed, under (2.5)
a′ij = akl J
−1k
i J
−1l
j , b
′
k =
(
bi +
Ω
J
ji
)
J−1ik, Ω
′ =
Ω
J
, (2.7)
where Jki =
∂x′k
∂xi
, ji =
∂t′
∂xi
and J = ∂t
′
∂t . In the c → 0 limit the metric becomes degenerate, hence
we cannot package the different metric fields in a spacetime tensor gµν, but instead we have
to treat those three fields separately: time and space decouple as (2.5) clearly suggests. We
2Every metric can be parametrized in this way. The alternative parametrization, known as Zermelo, turns
out to be useful for the Galilean limit (see [2, 16]).
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therefore trade the metric gµν for the time lapse Ω(t,x), connection bi(t,x) and spatial metric
aij(t,x),
3 which we refer to as Carrollian metric fields, defining a Carrollian geometry. On
the derivatives, (2.5) infers
∂′t =
1
J
∂t, ∂
′
i = J
−1k
i
(
∂k − jk
J
∂t
)
, (2.8)
which implies that the spatial derivative is not a Carrollian tensor and the temporal one
is a density. Therefore we introduce the Carroll-covariant derivatives 1
Ω
∂t and ∇ˆi. In the
temporal one the role of Ω as a time lapse is clear, and the spatial one is defined through its
action on scalars as
∂ˆi = ∂i +
bi
Ω
∂t. (2.9)
On Carrollian tensors, it acts as usual with the following Christoffel symbols
γˆijk =
ail
2
(
∂ˆjalk + ∂ˆkalj − ∂ˆlajk
)
. (2.10)
By construction, ∂ˆi transforms as a Carrollian tensor
∂ˆ′i = J
−1k
i ∂ˆk, (2.11)
and thus we also see clearly the role of bi as connection. Out of the Carrollian metric fields,
we can build first-order derivative geometrical objects
ϕi =
1
Ω
(∂tbi + ∂iΩ) , (2.12)
θ =
1
Ω
∂t ln
√
a , (2.13)
ξij =
1
Ω
(
1
2
∂taij − 1
d
aij∂t ln
√
a
)
, (2.14)
̟ij = ∂[ibj] +
1
Ω
b[i∂j]Ω +
1
Ω
b[i∂tbj]. (2.15)
They are all Carrollian tensors and they encode the non-flatness of the Carrollian geomet-
rical structure we are defining. They will turn out very useful in writing the conservation
equations of the Carrollian momenta defined in the next section.
3Hence, we will use aij to raise and lower spatial indexes in the Carrollian geometry.
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2.3 Carrollian momenta
We define the Carrollian equivalent of the energy–momentum tensor as the three following
pieces of data:
O = 1
Ω
√
a
δS
δΩ
, Bi = 1
Ω
√
a
δS
δbi
and Aij = 1
Ω
√
a
δS
δaij
. (2.16)
Here Ω
√
a is the Carrollian counterpart of the relativistic
√−g and the variations are taken
with respect to the 3 fields that replace the metric in the Carrollian setting. From now on, we
call (2.16) the Carrollian momenta. Before continuing, notice that these quantities transform
under Carrollian diffeomorphisms as
O′ = JO −Bi ji, Bi′ = JijB j, and Aij′ = Jik J jlAkl . (2.17)
The spatial vector Bi andmatrixAij are indeed Carrollian tensors. However,O is not a scalar
and, as we will see and use, it is wiser to introduce the scalar combination E = ΩO + biBi.
Given a Carroll-covariant theory, the action is invariant under Carrollian diffeomor-
phisms, generated by the spacetime vector ξ
δξS = 0, ξ = ξ
t(t,x)∂t + ξ
i(x)∂i. (2.18)
Notice that ξ i only depends on x, this is the infinitesimal translation of (2.5). Under such an
infinitesimal coordinate transformation we have
δξS =
∫
dd+1x
(
δS
δΩ
δξΩ +
δS
δbi
δξbi +
δS
δaij
δξaij +
δS
δφ
δξφ
)
+ b.t., (2.19)
and the on-shell condition ensures δSδφ = 0. We need to compute δξΩ, δξbi and δξaij. In order
to do so we compute the infinitesimal version of (2.7). If x′µ = xµ − ξµ, then
δξΩ = ξ (Ω) + Ω∂tξ
t, (2.20)
δξbi = ξ (bi)−Ω∂iξt + bj∂iξ j, (2.21)
δξaij = ξ
(
aij
)
+ ∂iξ
kakj + ∂jξ
kaik, (2.22)
where ξ( f ) ≡ ξt∂t f + ξ i∂i f . We would like to write these transformations in terms of man-
ifestly Carroll-covariant objects, so we define X = Ωξt − biξ i. By noticing that the compo-
nents of a spacetime vector transform as
ξt′ = Jξt + jiξ i, ξ i′ = Jikξ
k, (2.23)
it is straightforward to show that X is the right combination for obtaining a scalar. We thus
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rewrite (2.20), (2.21) and (2.22) in terms of X, ξ i and the Carrollian geometrical tensors intro-
duced above
δξΩ = ∂tX + Ωϕjξ
j, (2.24)
δξbi = −∂ˆiX + ϕiX − 2̟ijξ j + bi
Ω
(
∂tX + Ωϕjξ
j
)
, (2.25)
δξaij = ∇ˆiξ j + ∇ˆjξi + X
Ω
∂taij. (2.26)
This rewriting hints toward Carrollian covariance, as it replaces ξt with X. Therefore, we
obtain δξS = δXS + δξ i S with
δXS =
∫
dd+1xΩ
√
a
(
O∂tX −Bi∂ˆiX + BiϕiX + Bi bi
Ω
∂tX +Aij X
Ω
∂taij
)
, (2.27)
δξ i S =
∫
dd+1xΩ
√
a
(
OΩϕjξ j − 2Bi̟ijξ j + Bibiϕjξ j + 2Aij∇ˆiξ j
)
. (2.28)
Finally, demanding δXS and δξ i S be zero separately and manipulating them, we obtain two
conservation equations which are manifestly Carroll-covariant:4
(
1
Ω
∂t + θ
)
E − (∇ˆi + 2ϕi)Bi −Aij 1
Ω
∂taij = 0, (2.29)
2
(∇ˆi + ϕi)Aij + 2Bi̟ij − Eϕj = 0, (2.30)
where we used the already introduced scalar combination E = ΩO + biBi.
Let us briefly summarize. By strict comparison with the relativistic situation, we have
defined the momenta of our Carrollian theory to be the variation of the action under the
geometrical set of data that characterizes the background. Exploiting the underlying Carrol-
lian symmetry we reached a set of two equations which encode the conservation properties
of the momenta. As expected, these equations are fully Carroll-covariant.
2.4 Weyl covariance
At the relativistic level, Weyl invariance merges when the theory is invariant under a rescal-
ing gµν → gµνB2 for any B function of spacetime coordinates.5 The transformations of Ω, bi and
aij under Weyl rescaling are deduced from the relativistic Randers–Papapetrou metric (2.6)
Ω → ΩB , bi →
bi
B and aij →
aij
B2 . (2.31)
4A useful relation is Bi ∂ˆiX = −X
(∇ˆi + ϕi)Bi, valid up to total derivatives and for any scalar X and vector
Bi.
5This conformal symmetry has important consequences in hydrodynamical holographic theories, [17, 18].
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If the action is invariant under such transformations,
δλS =
∫
dd+1xΩ
√
a
(
OδλΩ + Biδλbi +Aijδλaij
)
=
∫
dd+1xΩ
√
aλ
(
OΩ + Bibi + 2Aijaij
)
(2.32)
has to vanish for every λ(t,x). Therefore
δλS = 0 ⇒ E = −2Aii. (2.33)
We will refer to this condition as the conformal state equation, it is the equivalent of the trace-
lessness of the energy–momentum tensor in the relativistic case. From (2.31) we deduce the
following transformations of the Carrollian momenta
O → Bd+2O, Bi →Bd+2Bi and Aij →Bd+3Aij. (2.34)
This implies also E → Bd+1E .
We would like to write the conservation equations in a manifestly Weyl-covariant form.
To do so, we decompose Aij = − 12
(Paij − Ξij) with Ξij traceless, such that the constraint
(2.33) becomes E = dP . This enable us rewriting (2.29) and (2.30) as
(
1
Ω
∂t +
d + 1
d
θ
)
E − (∇ˆi + 2ϕi)Bi − Ξijξij = 0, (2.35)
(∇ˆi + ϕi)Ξij − 1d
(
∂ˆj + (d + 1)ϕj
)
E + 2Bi̟ij = 0. (2.36)
The Carrollian derivatives are not covariant under Weyl rescaling, since the latter brings
extra shift terms. In order to reach manifestly Weyl-Carroll-covariant equations, we can
upgrade the Carroll derivatives to Weyl-Carroll ones. Among the Carrollian first derivative
tensors introduced above, ϕi and θ are Weyl connections as
ϕi → ϕi − ∂ˆi lnB, θ→Bθ − d
Ω
∂tB. (2.37)
Therefore, they can be used for defining the Weyl-Carroll derivative. For a weight-w scalar
function Φ, i.e. a function scaling with Bw under Weyl, and a weight-w vector, the Weyl-
Carroll spatial and temporal derivatives are defined as
DˆjΦ = ∂ˆjΦ + wϕjΦ, (2.38)
1
Ω
DˆtΦ =
1
Ω
∂tΦ +
w
d
θΦ, (2.39)
DˆjV
l = ∇ˆjV l + (w− 1)ϕjV l + ϕlVj − δljV iϕi, (2.40)
1
Ω
DˆtV
l =
1
Ω
∂tV
l +
w
d
θV l + ξ liV
i, (2.41)
8
such that under a Weyl transformation
DˆjΦ → BwDˆjΦ, (2.42)
1
Ω
DˆtΦ → Bw+1 1
Ω
DˆtΦ, (2.43)
DˆjV
l → BwDˆjV l, (2.44)
1
Ω
DˆtV
l → Bw+1 1
Ω
DˆtV
l. (2.45)
The action on any other tensor is obtained using the Leibniz rule.
Eventually, we can write (2.35) and (2.36) using these derivatives as
1
Ω
DˆtE − DˆiBi − Ξijξij = 0, (2.46)
−1
d
DˆjE + 2Bi̟ij + DˆiΞij = 0. (2.47)
Not only these equations are now very compact, they are also manifestly Weyl-Carroll-
covariant.
2.5 The flat case
So far we have worked on general Carrollian geometry, i.e. we did not impose any particular
value of Ω, bi and aij. We now restrict our attention to the flat Carrollian background.
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At the relativistic level, the Poincaré group is defined as the set of coordinate transfor-
mations that leave the Minkowski metric invariant. By strict analogy, the Carroll group is
defined as the set of transformations that preserve the Carrollian flatness, [16]. Therefore,
the Carroll group corresponds to the transformations satisfying
∂t → ∂t, δijdxidxj → δijdxidxj, b0i → Rji
(
b0j + β j
)
, (2.48)
with b0i constant. The resulting change of coordinates is
t′ = t + βixi + t0, x′i = Rijx
j + xi0, (2.49)
where t0 ∈ R, {xi0,βi} ∈ Rd and Rij ∈ O(d). This group is known in the literature as the
Carroll group. 7
6We refer here to flat Carrollian geometry as the geometry for which the Carroll group is an isometry, see
e.g. [16].
7The Carroll group was already shown to be the symmetry group of flat zero signature geometries in the
precursory work [19].
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Recasting (2.29) and (2.30) for aij(t,x) = δij, Ω(t,x) = 1 and bi(t,x) = b0i, we obtain
∂tO − ∂iBi = 0, (2.50)
2∂iAij + 2b0i∂tAij = 0. (2.51)
The momenta appearing in these two equations can be packaged in a spacetime energy–
momentum tensor (where spacetime does not mean relativistic)
Tµν =
(
O −2b0kAki
−B j −2Aij
)
. (2.52)
The usual conservation of this tensor ∂µT
µν = 0 is ensured by the conservation equations
of the momenta, namely (2.50) and (2.51). This tensor is not symmetric, but this should not
come as a surprise: it is not defined throughout the variation of the action with respect to
the spacetime metric (symmetric by construction), instead it is defined using the Carrollian
metric fields.8 Finally notice that this spacetime lifting procedure was possible here due to
the flatness of the Carrollian geometry. In general backgrounds, this is not possible, and the
very concept of spacetime energy–momentum tensor is ambiguous–whereas the Carrollian
momenta are by construction well suited.
As a conclusive remark notice that the Carroll group contains spacetime translations, so if
a theory is invariant under this group, there will be a set of d + 1 Nœther currents associated
with spacetime translations. Packaging them in a d+ 1-dimensional kind of Nœther energy–
momentum tensor, enables us comparing it with (2.52), as we do in the next section.
3 A Carrollian scalar-field action
In order to probe our results, we start with the example of a single scalar field φ(t,x). We be-
gin the study on a general Carrollian background and show that themomenta are conserved.
Then, we restrict the geometry to the flat case, where spacetime translational invariance of
the theory allows us to compare our energy–momentum tensor (defined only in the flat case,
as in Sec. 2.5) to the conserved current computed using Nœther procedure. The two energy–
momentum tensors will turn out to be equivalent up to divergence-free terms.
In order to ensure Carroll invariance of the scalar-field action, we need to trade the usual
derivatives for the Carrollian ones. So we consider the action
S[φ] =
1
2
∫
dd+1xΩ
√
a aij∂ˆiφ∂ˆjφ =
∫
dd+1xL, (3.1)
8Although the construction is different, another example of non-symmetric Carrollian energy–momentum
tensor can be found in [20].
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which is manifestly covariant. The equations of motion are readily determined
(∇ˆi + ϕi) ∂ˆiφ = 0. (3.2)
The Carrollian momenta are
E = 1
2
∂ˆiφ∂ˆ
iφ, (3.3)
Bi = 1
Ω
∂tφ∂ˆ
iφ, (3.4)
Aij = 1
2
(
1
2
aij ∂ˆkφ∂ˆkφ− ∂ˆiφ∂ˆjφ
)
. (3.5)
These momenta are conserved on shell since the conservation equations (2.29) and (2.30) are
automatically satisfied given the equations of motion (3.2). This last result shows unam-
biguously the relevance of these objects. Notice moreover that these momenta satisfy the
conformal state equation (2.33) only for d = 1. In fact this action can be recovered from an
ultra-relativistic limit of the free relativistic scalar theory, which is known to be conformal
only in 2 spacetime dimensions.
We now impose the Carrollian background to be flat. In this case, the action (3.1) becomes
S[φ] =
∫
dd+1xL = 1
2
∫
dd+1xδij (∂i + b0i∂t)φ
(
∂j + b0j∂t
)
φ, (3.6)
which is invariant under spacetime translations. In the flat case, we can lift the Carrollian
momenta into a spacetime energy–momentum tensor (2.52), which here takes the form
Tµν =
(
1
2 ∂ˆiφ∂ˆ
iφ− b0i∂tφ∂ˆiφ − b
i
0
2 ∂ˆ
kφ∂ˆkφ+ b0k∂ˆ
kφ∂ˆiφ
−∂tφ∂ˆiφ − 12aij ∂ˆkφ∂ˆkφ+ ∂ˆiφ∂ˆjφ
)
, (3.7)
and it is conserved.
The action (3.6) is invariant under spacetime translations. As stated in the previous sec-
tion, we therefore have d + 1 associated Nœther currents
Tˆµν =
∂L
∂∂µφ
∂νφ− ηµνL, (3.8)
which explicitly read:
Tˆtt =
1
2
∂ˆiφ∂ˆ
iφ− b0i∂ˆiφ∂tφ, (3.9)
Tˆit = −∂ˆiφ∂tφ, (3.10)
Tˆti = b0j∂ˆ
jφ∂iφ, (3.11)
Tˆij = ∂ˆiφ∂jφ− 1
2
δij∂ˆkφ∂ˆkφ. (3.12)
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The conservation ∂µTˆ
µν = 0, is achieved thanks to the equations of motion (3.2) for flat ge-
ometry ∂ˆi∂ˆiφ = 0.
We can now compare the energy–momentum tensor (3.7) with (3.9), (3.10), (3.11) and
(3.12). We obtain
Tˆµν = Tµν + Bµν, (3.13)
with
Btt = 0, (3.14)
Bit = 0, (3.15)
Bti = −bi0bj0∂ˆjφ∂tφ+
1
2
bi0∂ˆkφ∂ˆ
kφ, (3.16)
Bij = −bj0∂tφ∂ˆiφ. (3.17)
As anticipated, the tensor Bµν is divergenceless on-shell ∂µB
µν = 0, which implies that the
two energy–momentum tensors carry the same physical information on the theory.
4 Ultra-relativistic limit: the emergence of Carrollian physics
In the previous sections, we have intrinsically defined the Carrollian momenta starting from
the metric fields of a Carrollian geometry. The Carrollian geometry was inspired by an ultra-
relativistic contraction of the relativistic metric. We will see now how the ultra-relativistic
limit can be directly taken at the level of the conservation equation of the relativistic energy–
momentum tensor. This limit provides a richer structure, with more equations and fields.
This is neither surprising nor contradictory. It is suggested by the dual Galilean limit, [12].
Indeed, in the non-relativistic case, on top of the momentum and energy conservation, an
extra equation arises, which is ultimately identified with the continuity equation. A similar
phenomenon occurs in the Carrollian case: additional fields and equations survive in the
limit, and this is controlled by our choice of c-dependence of the fields.
Given a vector field uµ, normalized as u2 = −c2 with respect to the relativistic metric
(2.6), the energy–momentum tensor can always be decomposed as9
Tµν = (E + P) u
µuν
c2
+ Pgµν + τµν + q
µuν
c2
+
qνuµ
c2
. (4.1)
In the hydrodynamic interpretation, E andP are the energy density and pressure of the fluid,
gµν is the spacetime metric and τµν and qµ are the transverse dissipative tensors, named
viscous stress tensor and heat current. We choose to adapt the velocity to the geometry
uµ =
(
c
Ω
, 0
)
: the fluid is at rest. The advantage of this choice is that the dissipative tensors,
9Reminder of the conventions: xµ = (x0,xi) = (ct,xi).
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since transverse, have only spatial independent components. Inspired by flat holography
[12], we choose a particular scaling of these tensors in c, namely
τij = −Σ
ij
c2
− Ξij and qi = −Bi + c2πi. (4.2)
A more general dependence could have been considered. This would add new fields and
new equations to the resulting Carrollian theory, whereas the present choice will be sufficient
for the examples we want to analyze. Notice that the c-independent situation is recovered
for Σij = 0 = πi. We now perform the zero-c limit of ∇µTµν = 0. Defining again Aij =
− 12
(Paij − Ξij), we obtain the following set of equations10
(
1
Ω
∂t + θ
)
E − (∇ˆi + 2ϕi)Bi −Aij 1
Ω
∂taij = 0, (4.3)
2
(∇ˆi + ϕi)Aij + 2Bi̟ij − Eϕj −
(
1
Ω
∂t + θ
)
πj = 0, (4.4)(
1
Ω
∂t + θ
)
Bj +
(∇ˆi + ϕi)Σij = 0, (4.5)
Σ
ijξij +
θ
d
Σ
i
i = 0. (4.6)
As advertised, we immediately recognize (4.5) and (4.6) as the Carrollian counterpart of
the continuity equation: these are two consistency equations of the limit. Notice moreover
how these equations reduce to the Carrollian equations (2.29) and (2.30) when the dissi-
pative terms have no c-dependence, Σij = 0 = πi, together with the additional constraint(
1
Ω
∂t + θ
)Bj = 0. This result undoubtedly shows the nature of the ultra-relativistic limit: it
is a Carrollian limit. Conversely, this analysis gives credit to our intrinsic Carrollian con-
struction of the previous sections.
Summarizing, we have shown how the ultra-relativistic expansion gives rise to a lead-
ing Carrollian behavior. Furthermore, we have analyzed the extra inputs this limit brings
and the associated conservation equations. It is remarkable how the Carrollian momenta
intrinsically defined using Carrollian geometry match the ultra-relativistic limit.
We conclude with an aside important remark: we have taken the ultra-relativistic limit
of the conservation equations because it would have been inconsistent to compute directly
the limit of the energy–momentum tensor itself. Indeed we would have lost information on
the fields which survive and the conservation equations they satisfy. This confirms that we
have to give up the concept of spacetime energy–momentum tensor on general Carrollian
backgrounds, as anticipated in [2] but sometimes disregarded in the current literature.
10This limit is performed using the decomposition (4.1) and the Randers–Papapetrou parametrization of the
spacetime metric. For the detailed derivation of these equations, see [2].
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5 Charges
This section is dedicated to the definition of charges in the Carrollian framework. Charges
are conserved quantities associated with a symmetry of the theory. Relativistically, the latter
can be generated by a Killing vector field. By projecting the energy–momentum tensor on
the Killing vector, we obtain a conserved current. We will show here how to implement this
procedure in the Carrollian case. In order to do so, we firstly derive charges starting from a
conserved Carrollian current. Secondly, we define Carrollian Killing and conformal Killing
vectors. Thirdly, we build conserved charges associatedwith conformal Killing vectors. This
will be useful for the forthcoming examples involving asymptotically flat gravity. Finally, we
give another example of Carrollian action and compute the charges to illustrate our results.
5.1 Conserved Carrollian current and associated charge
We show here a way to define a conserved charge starting from a conserved current. In this
derivation we never impose the current to be associated with a Killing vector, therefore our
construction is very general. Whenever we have a scalar J and a vector J i satisfying
(
1
Ω
∂t + θ
)
J + (∇ˆi + ϕi)J i = 0, (5.1)
we can build the conserved charge
Q =
∫
Σt
ddx
√
a
(
J + biJ i
)
, (5.2)
where Σt is a constant-time slice. A way to derive this formula is to start from the relativistic
level: consider a conserved current Jµ, the charge is then
Q =
∫
Σt
ddx
√
σ nµ J
µ. (5.3)
Here nµ is the unit vector normal to Σt and σµν is the induced metric on Σt. In order to
perform the zero-c limit, we decompose Jµ in an already Carroll-covariant basis
J = J
( c
Ω
∂0
)
+ J i
(
∂i +
cbi
Ω
∂0
)
. (5.4)
Then, using the Randers–Papapetrou parametrization for the relativistic spacetime metric
ds2 = −c2(Ωdt− bidxi)2 + aijdxidxj, we obtain
√
σ =
√
a +O (c2) , n0 = cΩ +O (c3) , J0 = c
Ω
(
J + biJ i
)
. (5.5)
Therefore, we find Q →
c→0
c2Q, showing the relevance of the proposed Carrollian charge (5.2).
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5.2 Carrollian Killing vectors and associated conserved currents
A Killing vector is usually defined as a vector field that preserves the metric. Analogously,
we define the Carrollian Killing vector ξ to be the vector satisfying11
δξΩ = 0= δξaij, (5.6)
where δξ is the Lie derivative. This gives rise to two Killing equations on ξ, which are exactly
(2.24) and (2.26),12
∂tX + Ωϕjξ
j = 0, (5.7)
∇ˆiξ j + ∇ˆjξi + X
Ω
∂taij = 0, (5.8)
where we recall X = Ωξt − biξ i. Notice that these equations do not actually depend on bi.
The generalization to conformal Carrollian Killing vectors is straightforward. We call ξ a
conformal Carrollian Killing vector if
δξΩ = λΩ and δξaij = 2λaij. (5.9)
It obeys the following conformal Killing equations:
∂tX + Ωϕjξ
j = λΩ, (5.10)
∇ˆiξ j + ∇ˆjξi + X
Ω
∂taij = 2λaij. (5.11)
In particular from the last equation we obtain λ = 1d
(∇ˆiξ i + XΩ∂t ln √a ). This general con-
struction is very useful, as we will shortly confirm.
We now build a conserved current by projecting the Carrollian momenta on a Carrollian
Killing vector, exactly like in the relativistic case. Indeed consider the following Carrollian
current:
J = ξiBi, J i = ξ jΣij. (5.12)
It is conserved provided ξ satisfies (5.8), and the Carrollian conservation equations (4.5) and
(4.6) are verified. According to Sec. 5.1, the corresponding conserved charge is
Qξ =
∫
Σt
ddx
√
a ξi
(
Bi + bjΣji
)
, (5.13)
This charge is also conserved when ξ satisfies (5.11), if we further impose the condition
Σii = 0.
11This is the translation in our language of LXg = 0 and LXξ = 0 of (III.6) in [16].
12On top of these equations, a Carrollian Killing vector has a time independent spatial part, i.e. ∂tξ
i = 0.
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5.3 Charges for Bi = 0
We will show in Sec. 6 that the equations describing the dynamics of asymptotically flat
spacetimes in 3 and 4 dimensions can be related to Carrollian conservation laws for Bi = 0.
For this reason we focus here on this particular case and build other conserved currents
associated with conformal Killing vectors. In Sec. 6 we will observe that the corresponding
charges match the surface charges obtained through covariant phase-space formalism.
The Carrollian conservation equations obtained from the ultra-relativistic limit (4.3) and
(4.4), for Bi = 0, become
(
1
Ω
∂t + θ
)
E −Aij 1
Ω
∂taij = 0, (5.14)
2
(∇ˆi + ϕi)Aij − Eϕj −
(
1
Ω
∂t + θ
)
πj = 0. (5.15)
We could have also reported the two equations on Σij, (4.5) and (4.6), but they are immaterial
here. Consider a Killing vector ξ, the following charge, up to boundary terms, is conserved
Cξ =
∫
Σt
ddx
√
a
(
XE − ξ iπi + 2biξ jAij
)
, (5.16)
assuming only (5.14) and (5.15). This charge is also conserved when ξ is a conformal Killing
vector, if we further impose the conformal state equation E = −2Aii. According to Sec. 5.1,
the corresponding conserved current reads13
J = XE − ξ iπi, J i = 2ξ jAij. (5.17)
It is interesting to investigate the flat case aij(t,x) = δij, Ω(t,x) = 1 and bi(t,x) = b0i. Here,
(5.14) and (5.15) can be written as ∂µT
µν = 0 with14
Tµν =
(
O −2b0kAki + πi
0 −2Aij
)
, (5.18)
and we notice that the charge, up to a divergenceless term, takes the usual form
CFlatξ =
∫
Σt
ddx
(
ξtO − ξ ib0iO − ξ iπi + 2b0iξ jAij
)
= −
∫
Σt
ddxT0µξµ + C˜ξ i , (5.19)
with C˜ξ i = −
∫
Σt
ddxξ ib0iO, which is separately conserved.
13Its conservation (5.1) is ensured thanks to the Killing equations together with (5.14) and (5.15).
14We recall that for Bi = 0, E = ΩO. Thus in the flat case E =O.
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For ξ and η Killing vectors, we define the brackets
{Qξ ,Qη} ≡
∫
Σt
ddxδη
[√
a ξi
(
Bi + bjΣji
)]
,
{Cξ ,Cη} ≡
∫
Σt
ddxδη
[√
a
(
XE − ξ iπi + 2biξ jAij
)]
.
(5.20)
Here δη is the Lie derivative acting on the metric fields and the momenta, but not on ξ
t and
ξ i. A lengthly computation (see appendix A) shows that the charges Qξ and Cξ equipped
with these brackets form two representations of the Carrollian Killing algebra:
{Qξ ,Qη} =Q[ξ,η] and {Cξ ,Cη} = C[ξ,η]. (5.21)
We can extend these results to the conformal Killing algebra when imposing the conformal
state equation E = −2Aii for the charge Cξ and the condition Σii = 0 for the charge Qξ .
5.4 Application to the scalar field
We close this section with an example of scalar-field action whose Carrollian momenta re-
produce exactly the conservation equations described in Sec. 5.3. Consider a scalar field
φ(t,x) and the following Carroll-covariant action:
S [φ] =
1
2
∫
dd+1x
√
a
φ˙2
Ω
=
∫
dd+1xL, (5.22)
where φ˙ = ∂tφ. The equation of motion reads
(
1
Ω
∂t + θ
)(
φ˙
Ω
)
= 0, (5.23)
and we find the following Carrollian momenta through the variational definition (2.16)
E = − 1
2Ω2
φ˙2, Bi = 0 and Aij = 1
4Ω2
φ˙2aij. (5.24)
Carrollian conservation equations of the type (5.14) and (5.15) are satisfied provided πi =
1
Ω
φ˙∂ˆiφ. In the flat case the energy–momentum tensor (5.18) computed earlier becomes:
Tµν =
(
− 12 φ˙2 12bi0φ˙2 + φ˙∂iφ
0 − 12 φ˙2δij
)
. (5.25)
As in the other example of scalar-field action (Sec. 3), this object coincides with the Nœther
current associated with spacetime translations, up to a divergenceless term.
We can now focus on the charges in the Hamiltonian formalism. Defining the conjugate
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momentum ψ =
∂L
∂φ˙
=
√
a
Ω
φ˙, and writing the Carrollian momenta in terms of φ and ψ, we
obtain
E = −1
2
(
ψ√
a
)2
, πi =
ψ√
a
(
∂iφ+ bi
ψ√
a
)
and Aij = 1
4
(
ψ√
a
)2
aij. (5.26)
Therefore, the charges (5.16) become
Cξ = −
∫
Σt
ddx
(
ξt
2
Ω√
a
ψ2 + ξ iψ∂iφ
)
. (5.27)
These charges are expressed in Hamiltonian formalism. They are indeed conserved thanks
to the equation of motion and togetherwith the Poisson bracket they realize a representation
of the Carrollian Killing algebra:
{Cξ ,Cη}Poisson =
∫
Σt
ddx
[
δCη
δφ
δCξ
δψ
− δCξ
δφ
δCη
δψ
]
= C[ξ,η]. (5.28)
This result confirms that the charges (5.16) previously introduced are the correct ones. Fi-
nally, we notice that when d = 1 the conformal state equation (2.33) is satisfied and the
representation can be extended to conformal Killing vectors.
6 Carrollian conservation laws in Ricci-flat gravity
Wewill now turn our attention to Ricci-flat gravity. When the bulk metric is expressed in an
appropriate gauge, usually given by imposing the radial coordinate be null, Einstein equa-
tions can reduce in some instances to equations defined on null infinity I+.15 Its null nature
makes it a natural host for a Carrollian geometry and the gravitational dynamics will be
shown to match with Carrollian conservation laws. This section can be considered as a pre-
cursor of a full asymptotically flat holographic scheme. Indeed, the putative dual boundary
theory would be Carrollian and live on I+. This theory would be coupled to a Carrollian
geometry and satisfy Carrollian conservation laws that we map here to the gravitational dy-
namics. In gravity, the covariant phase-space formalism allows to compute surface charges,
those will be shown to be given exactly or partially by the conserved charges defined in
Sec. 5.3, depending whether the gravitational solution has radiation or not. To compute the
charges explicitly, we use the code [21].
15It will be the case for the three families of solutionswe study in this section: the 3-dimensional asymptotically
flat spacetimes, the weak field approximation of 4-dimensional asymptotically flat spacetimes in Bondi gauge
and the Robinson Trautman solutions. The reduction of Einstein equations to equations on I+ would not be
true, for example, for non-linearized 4-dimensional asymptotically flat gravity in Bondi gauge.
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6.1 Asymptotically flat spacetimes in three dimensions
Three-dimensional asymptotically flat spacetimes are often studied in the Bondi gaugewhich,
as we will shortly describe, imposes by definition the corresponding two-dimensional Car-
rollian manifold be flat. Here we want to show that we can source the geometric boundary
fields, in order to create a general Carrollian structure [10].
Consider the following bulk metric
ds2 = gabdx
adxb = −2u (dr + r (ϕxdx + θu)) + r2axxdx2 + 8πGu (Eu− πxdx) . (6.1)
The bulk coordinates are {u,r,x ∈ S1}, u = Ωdu− bxdx, axx is the one-dimensional bound-
ary spatial metric, E and πx are the Carrollian momenta and θ and ϕx correspond to (2.13)
and (2.12) defined earlier:
θ =
1
Ω
∂u ln
√
axx and ϕx =
1
Ω
(∂xΩ + ∂ubx) . (6.2)
All the fields appearing in the bulk metric depend only on u and x. From this metric we
can extract the corresponding Carrollian geometry on I+ = {r → ∞}. The following pro-
cedure is general but we will use the specific case of three-dimensional asymptotically flat
spacetimes as an illustration. Consider the conformal extension of (6.1)
ds˜2 = r−2ds2, (6.3)
the factor r−2 is present to regularize the metric on I+. We perform the change of variable
ω = r−1 in the conformal metric, it becomes16
ds˜2 = g˜abdx
adxb = −2u (−dω+ ω (ϕxdx + θu)) + axxdx2 + 8πGω2u (Eu− πxdx) . (6.4)
We can deduce the Carrollian geometry on I+
g˜−1 (.,dω)|I+ =
1
Ω
∂u, ds˜
2
|I+ = axxdx
2 and g˜ (.,∂ω)|I+ = Ωdu− bidxi. (6.5)
We nowmove to the dynamics. In the following, we restrict our attention to the bulk line
element (6.1) with the additional geometrical constraint
Dˆxs
x = ∇ˆxsx + 2ϕxsx = 0, (6.6)
where sx =
1
Ω
∂uϕx − θϕx − ∂ˆxθ is a Weyl-weight 1 two-derivative object. The Carrollian
momenta do not appear in this equation, it is just a constraint on the boundary geometri-
cal background as it involves only the Carrollian metric fields. Using this ansatz, Einstein
16The null asymptote is thus I+ = {ω→ 0}.
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equations reduce to
(
1
Ω
∂u + 2θ
)
E = 0, (6.7)
(
∂ˆx + 2ϕx
)
E +
(
1
Ω
∂u + θ
)
πx = 0. (6.8)
We interpret them as the Carrollian conservation equations (4.3), (4.4), (4.5) and (4.6) for
Σxx = Bx = 0 and E = P (conformal case). Furthermore Ξxx is automatically zero due to its
tracelessness. Therefore, the gravitational dynamics of this metric ansatz coincides with the
Carrollian conservation equations that fall into the case described in Sec. 5.3.17
We would like at this point to obtain the surface charges. We thus compute the asymp-
totic Killing vectors of ds2 whose leading orders in r−1 are
ξˆr = −rλ(u,x) +O(1), ξˆu = ξu(u,x) +O(r−1) and ξˆx = ξx(x) +O(r−1). (6.9)
Here λ= ∇ˆxξx + XΩ∂u ln
√
axx and ξ = ξu∂u + ξx∂x is a conformal Killing vector (i.e. satisfy-
ing (5.10) and (5.11)) of the corresponding Carrollian geometry {Ω, axx,bx}. We calculate the
associated surface charge through covariant phase-space formalism and obtain that they are
integrable and have exactly the same expression as the conserved charges defined in Sec. 5.3
out of purely Carrollian considerations
Qξˆ [ds
2] =
∫
S1
dx
√
axx ((Ωξ
u − 2bxξx)E − ξxπx) = Cξ . (6.10)
There is no gravitational radiation in three dimensions, the charges are thus conserved. We
will see that things are slightly different in four dimensions, where we have to consider the
radiation at null infinity.
If we restrict our attention to the case Ω = 1, axx = 1 and bx = 0, we recover the usual
Bondi gauge for asymptotically flat spacetimes and Carrollian conservation becomes
∂uE = 0, (6.11)
∂xE = −∂uπx. (6.12)
This set-up was extensively studied for instance in [22]. Here, the solutions to the Carrollian
Killing equations are exactly the bms3 algebra vectors ξ = ξu∂u + ξx∂x with ξu = ∂xξxu + α,
for any smooth functions ξx(x) and α(x) on S1. Moreover the solutions to (6.11) and (6.12)
are
E(u,x) = E0(x) and πx(u,x) = −∂xE0u + π0(x). (6.13)
17With respect to Sec. 5.3, we trade here t with u, to empathize that it is a retarded time.
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Hence, the charges become the usual ones
CBondiξ =
∫
S1
dx (αE0 − ξxπ0) , (6.14)
which are manifestly conserved. These were obtained in [6, 22]. 18
6.2 Linearized gravity in four dimensions
We can perform the same kind of analysis in the case of asymptotically flat spacetimes in four
dimensions, where asymptotic charges have been computed. We show that the boundary
equations of motion, which are the linearized Einstein equations after gauge fixing, can be
interpreted as a Carrollian conservation, and that the asymptotic charges are also charges
associated with conformal Carrollian Killing vectors.
The bulk metric is gab = ηab + hab with
η = −du2 − 2dudr + r2γijdxidxj,
huu =
2
r
mB +O
(
r−2
)
,
huj =
1
2
∇iCij + 1
r
Nj +O
(
r−2
)
,
hij = rCij +O(1),
hra = 0.
(6.15)
where a = {r,µ} = {r,u,xi}, i = 1,2. The perturbation hab is traceless, so γijCij = 0, where
γij is the metric of the two-sphere and ∇i the associated covariant derivative. We recognize
the mass aspect mB, the angular momentum aspect Ni and the gravitational wave aspect Cij,
all depending on u and xi. In this gauge, the linearized Einstein equations become:19
∂umB =
1
4
∂u∇i∇jCij, (6.16)
∂u Ni =
2
3
∂imB − 1
6
[
(∆− 1)∇jCji −∇i∇k∇jCjk
]
. (6.17)
We first consider the case
∇i∇jCij = 0. (6.18)
Then (6.16) and (6.17) admit a Carrollian interpretation and are recovered from (2.29) and
18To compare, we have to identify φ = x, Ξ(φ) = −4πGπ0(x), Θ(φ) = 8πGE0(x), Y(φ) = ξx(x) and T(φ) =
α(x).
19Solving empty linearized Einstein equations order by order in r−1 allows to express the various subleading
coefficients in terms of mB, Cij and Ni. The only residual equations are then the ones that we present here.
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(2.30) with the following metric data
Ω = 1, bi = 0, aij = γij, (6.19)
and Carrollian momenta
Σ
ij = Bi = Ξii = 0, (6.20)
E = 4mB, Aij = −1
2
(E
2
aij − Ξij
)
, πi = −3Ni, Ξij =
1
2
(∆− 4)Cij, (6.21)
where E = −2Aii and Ξii = 0–we are in the conformal case. We obtain the following conser-
vation equations:
∂uE = 0, (6.22)
∂uπi +∇j
(E
2
γ
j
i − Ξji
)
= 0. (6.23)
This type of Carrollian conservation falls again into the class described in Sec. 5.3.
The asymptotic Killing vectors ξˆ = ξˆr∂r + ξˆu∂u + ξˆ i∂i associated with the gauge (6.15)
have the following leading order in r−1
ξˆr = −λ(x)r +O(1), ξˆu = ξu(t,x) +O(r−1) and ξˆ i = ξ i(x) +O(r−1), (6.24)
where ξ = ξu∂u + ξ i∂i is a conformal Killing vector (i.e. satisfying (5.10) and (5.11)) of the
Carrollian geometry given by {Ω = 1, aij = γij,bi = 0} and λ is the conformal factor. The
solutions to the corresponding conformal Killing equations reproduce exactly the bms4 al-
gebra: ξu = u2∇iξ i + α(x), α being any function on S2, ξ i a conformal Killing of S2 and
λ= 12∇iξ i. We compute the corresponding surface charges. When∇i∇jCij = 0 they take the
form
Qξˆ [g] =
∫
S2
d2x
√
γ
(
ξuE − ξ iπi
)
= Cξ , (6.25)
with E and πi given by (6.21). We recognize again the charges defined from purely Car-
rollian considerations in Sec. 5.3, associated with the data (6.19), (6.20) and (6.21). These
charges are automatically conserved. Physically, this is due to the fact that part of the effect
of gravitational radiation has suppressed by demanding ∇i∇jCij = 0. We will find shortly
that relaxing this condition has an effect on the charge conservation.
Integrating (6.22) and (6.23) we obtain
E = E0(x), πi = −1
2
∂iE0u +
∫
du′∇jΞji + π0i(x). (6.26)
22
The charges become
Cξ =
∫
S2
d2x
√
γ
((∇iξ i
2
u + α
)
E0 − ξ i
(
−1
2
∂iE0u +
∫
du′∇jΞji + π0i
))
= u
∫
S2
d2x
√
γ
(
1
2
∇i(ξ iE0)
)
+
∫
S2
d2x
√
γ
(
αE0 − ξ i
(∫
du′∇jΞji + π0i
))
=
∫
S2
d2x
√
γ
(
αE0 − ξ iπ0i
)
−
∫
du′
∫
S2
d2x
√
γ ξ i∇jΞji + b.t.
=
∫
S2
d2x
√
γ
(
αE0 − ξ iπ0i
)
+ b.t..
(6.27)
The last step follows from the fact that ξ i is a conformal Killing vector on S2 and Ξij is trace-
less. We observe that Cξ is now manifestly conserved.
When∇i∇jCij , 0, on the gravity side the radiation affects the surface charges and spoils
their conservation. Therefore, these charges do not match those we defined earlier. This
situation can be further investigated and recast in Carrollian language. To this end, we
define σ =∇i∇jCij and rewrite (6.16) and (6.17)
∂uE = 0, (6.28)
∂uπi +∇j
(
Pγji − Ξji
)
= 0. (6.29)
Here, the metric fields are
Ω = 1, bi = 0, aij = γij, (6.30)
together with the Carrollian momenta
Σ
ij = Bi = 0, (6.31)
E = 4mB − σ, P = E
2
+ σ, πi = −3Ni, Ξij =
1
2
(∆− 4)Cij. (6.32)
Hence turning on σ can be interpreted as spoiling the conformal state equation: E = −2(Aii + σ).
It appears as a sort of conformal anomaly in the boundary theory. The surface charges become
Qξˆ [g](u) =
∫
S2
d2x
√
γ
(
ξu(E + σ)− ξ iπi
)
, (6.33)
and, as already stated, they are no longer conserved
∂uQξˆ [g] =
∫
S2
d2x
√
γ
(
δξ + λ
)
σ, (6.34)
where δξ is the usual Lie derivative and λ =
1
2∇iξ i the conformal factor. These charges were
obtained in [23].20 For non linear gravity see [24], where the charges are now non-integrable.
20See the n = 2 case of Sec. 3. Their charges coincide with (6.33) with α = T, ξ i = vi, E0 = 4M and πi0 = −3N i.
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6.3 Black hole solutions: Robinson–Trautman and Kerr–Taub–NUT
For asymptotically AdS solutions, Einstein equations lead to the conservation of an energy–
momentum tensor on the timelike boundary with the cosmological constant playing the role
of the velocity of light [12]. Taking the flat limit in the bulk therefore corresponds to an ultra-
relativistic limit on the boundary, and this is howCarrollian dynamics emerges. We illustrate
this for the specific examples of Robinson–Trautman and Kerr–Taub–NUT, and analyze their
charges.
Robinson–Trautman
The Robinson–Trautman ansatz is
ds2 =
2r2
P2
dzdz¯− 2dudr−
(
∆ lnP− 2r∂u lnP− 2m
r
)
du2, (6.35)
where m and P depend on the boundary coordinates {u,z, z¯}. This metric is Ricci-flat pro-
vided the Robinson–Trautman equations are satisfied:
∆∆ lnP + 12M∂u lnP− 4∂u M = 0, (6.36)
∂z M = 0, (6.37)
∂z¯ M = 0, (6.38)
where we have defined ∆ = ∇i∇i, for i = {z, z¯}, and ∇i is the Levi Civita covariant deriva-
tive of the spatial metric a = 2
P2
dzdz¯. These equations can be interpreted as Carrollian conser-
vation laws (4.3), (4.4), (4.5) and (4.6) with the metric data Ω = 1, bi = 0 and a =
2
P(u,z,z¯)2
dzdz¯
and the Carrollian momenta
Ξ
ij = πi = Σii = 0, (6.39)
E = 4M, Bi =∇iK, Aij = −Maij, Σij =∇i∇jθ − 1
2
aij∇k∇kθ. (6.40)
Here we have introduced the Gaussian curvature K = ∆ lnP. Weyl covariance is ensured
by the conformal state equation E = −2Aii, together with Σii = 0. With this set of data, the
conservation equations are
(
∂u +
3θ
2
)
E −∇iBi = 0, (6.41)
∂jE = 0, (6.42)
(∂u + θ)Bj +∇iΣij = 0, (6.43)
Σ
ijξij +
θ
d
Σ
i
i = 0. (6.44)
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Equations (4.5) and (4.6) do not appear in the Robinson–Trautman equations because they
are geometrical constraints on the spatial metric, which are automatically satisfied when
imposing a = 2
P2
dzdz¯.
Wewant to interpret the chargeswe have introduced in Secs. 5.2 and 5.3 for the Robinson–
Trautman spacetime. To this end, we introduce a conformal Carrollian Killing vector ξ, with
(5.10) and (5.11) here given by
∂uξ
u = λ, (6.45)
∇iξ j +∇jξi + ξu∂uaij = 2λaij . (6.46)
The solution is the following vector21
ξ =
(√
a
) 1
2
(
α(x) +
1
2
∫
du
(√
a
)− 12 ∇iξ i
)
∂u + ξ
i(x)∂i, (6.47)
where ξ i is a spatial conformal Killing vector, i.e. it satisfies
∇iξ j +∇jξi =∇kξkaij. (6.48)
The associated charges (5.13) become
Qξ =
∫
S2
d2z
√
a ξ jB j =
∫
S2
d2zP−2
(
ξz∂zK + ξ
z¯∂z¯K
)
. (6.49)
They are conserved by construction.
Even though the second family of charges (5.16) were defined only for Bi = 0, we can
nevertheless study what their expression is for the solution at hand. We find
Cξ =
∫
S2
d2z
√
a ξuE =
∫
S2
d2zP−3
(
α(z, z¯) +
1
2
∫
duP∇iξ i
)
4M. (6.50)
As expected, they are not generically conserved, and using (6.41) we find
∂uCξ = −
∫
S2
d2z
√
a ∂iξ
uBi. (6.51)
Their conservation holds in two instances. The first, expected by construction, is when Bi =
∂iK = 0, and corresponds to a uniform curvature of the boundary sphere at all times. The
second, which is a new condition, occurs when the conformal Killing vectors satisfy also
∂iξ
u = 0. This can be written as
δξbi = 0, (6.52)
21The metric (6.35) is not in the Bondi gauge unless P is time independent. Therefore, the conformal Killing
vector ξ does not satisfy the usual bms4 algebra, but a generalized version of it.
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when considering the Robinson–Trautman Carrollian geometry Ω = 1, bi = 0 and a =
2
P2
dzdz¯.22
Kerr–Taub–NUT family
The interesting feature of the Kerr–Taub–NUT family is that, although stationary, it has a
non-trivial metric field bi. Its line element, in {t,r,θ,φ} coordinates, is given by
ds2 = −∆r
ρ2
(dt− b)2 + ρ
2
∆r
dr2 + ρ2
(
dθ2 + sin2 θdφ2
)
+
sin2 θ
ρ2
(
αdt− (r2 + (n− α)2)dφ)2 ,
(6.53)
where
∆r = −2Mr + r2 + α2 − n2, (6.54)
ρ2 = r2 + (n− αcosθ)2, (6.55)
b =
(
2n(cosθ − 1) + αsin2 θ)dφ. (6.56)
In this solution, M is interpreted as the black hole mass, α its angular parameter and n
its NUT charge. The Carrollian geometrical data are Ω = 1, bi as in (6.56) and a = dθ
2 +
sin2 θdφ2. The bulk Einstein equations are satisfied for a constant mass. We can interpret this
result as given by the following Carrollian data
Ξ
ij = πi = Σij = Bi = 0 E = M Aij = −M
4
aij, (6.57)
such that Carrollian conservation equations give straightforwardly M constant. From the
hydrodynamical viewpoint, these data describe a perfect fluid.
The conformal Carrollian Killing equations can be solved with the result
ξ =
(
T(x) +
1
2
t∇iξ i
)
∂t + ξ
i(x)∂i. (6.58)
where T is any smooth function on S2 and ξ i a Killing vector of the sphere. This is precisely
the bms4 generator. The charges (5.13) are identically zero in this case. Conversely, the
charges (5.16) are non-trivial
Cξ = M
∫
S2
dθdφsinθ
(
T − 3
2
ξ ibi
)
. (6.59)
They explicitly depend on the Kerr–Taub–NUT parameters thanks to the presence of the
metric field bi, and they are manifestly conserved.
22Actually, it is possible to show that, even when Bi , 0, the charges (5.16) are generically conserved if the
vectors ξ satisfy δξaij = 0, δξΩ = 0 and δξbi = 0.
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7 Conclusions
We are now ready to summarize our achievements.
In the framework of Carrollian dynamics we have defined Carrollian momenta as the
variation of the action with respect to the Carrollian metric fields Ω,bi, aij. These momenta
obey conservation laws ensuing the invariance of the action under Carrollian diffeomor-
phisms. We have carefully stressed that this set of Carrollian momenta plays the role the
energy–momentum tensor has in relativistic theories, since such an object cannot be defined
in general Carrollian dynamics. In the very particular instance of flat Carrollian geome-
try, due to the existence of global symmetries, the on-shell Carrollian momenta are indis-
tinguishable from the Nœther conserved currents. In this case they can be packaged in a
non-symmetric spacetime energy–momentum tensor.
We have proven that the general conservation equations of the set of Carrollian momenta
are recovered as the ultra-relativistic limit of the relativistic energy–momentum tensor con-
servation equations. This is expected and shows in passing that the Carrollian limit of the
energy–momentum tensor outside its conservation equations is non sensible.
As usual in theories with local symmetries, volume conserved charges cannot be defined
from plain conserved momenta. Killing fields are needed, in order to construct conserved
currents and extract conserved charges, which encode the physical information stored in
the fields at hand. We performed all these steps in a general Carrollian geometry, starting
with the definition of the Killing vectors and proceeding with currents (projections of the
Carrollian momenta) and charges.
All these concepts and techniques have been finally illustrated in concrete examples in-
spired from flat holography. Indeed, the null infinity of an asymptotically flat spacetime is
a natural host for Carrollian geometry, and Carrollian conservation equations on I+ emerge
as part of the bulk Einstein dynamics. More specifically, we have shown that in three bulk
dimensions the Carrollian charges match the surface charges obtained from standard bulk
methods. However, in four-dimensional linearized gravity, the presence of gravitational ra-
diation spoils the conservation of surface charges. At the level of the Carrollian conservation
equations, this is interpreted as a conformal anomaly, the radiation sourcing the anomalous
factor. The subsequent analysis of the Robinson–Trautman and Kerr–Taub–NUT exact solu-
tions nicely confirms these expectations and the interplay among the bulk and the boundary
dynamics.
Our analysis triggersmany questions. Among others, the two examples of exact Ricci-flat
spacetimes treated here suggest to further investigate the Carrollian interpretation of four-
dimensional gravity in full generality, i.e. without assuming linearity. More generally, this
work may help in paving the road toward the Carrollian understanding of flat holography,
already discussed in several instances in the literature.
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A Carrollian Charges algebra
We have defined two types of conserved charges in 5.2 and 5.3, Qξ and Cξ . The first one is
conserved for any type of Carrollian conservation laws given by (4.3), (4.4), (4.5) and (4.6),
while the second is conserved only when the Carrollian momenta Bi vanishes. We recall
their expression:
Qξ =
∫
Σt
ddx
√
a ξi
(
Bi + bjΣji
)
and Cξ =
∫
Σt
ddx
√
a
(
XE − ξ iπi + 2biξ jAij
)
. (A.1)
In this appendix we show that both of them are also representations of the (conformal) Car-
rollian Killing algebra.
Consider two Carrollian Killing vectors ξ and η. It is possible to decompose them in a
coordinate basis,
ξ = ξt(t,x)∂t + ξ
i(x)∂i and η = η
t(t,x)∂t + η
i(x)∂i, (A.2)
or in a Carroll-covariant one,
ξ =
X
Ω
∂t + ξ
i∂ˆi and η =
Y
Ω
∂t + η
i∂ˆi, (A.3)
where X = Ωξt − biξ i, Y = Ωηt − biηi and ∂ˆi is the Carroll-covariant spatial derivative de-
fined in 2.2. The commutator of ξ and η is given by
λ≡ [ξ,η] =
(
ξt∂tη
t − ηt∂tξt + ξk∂kηt − ηk∂kξt
)
∂t +
(
ξk∂kη
i − ηk∂kξ i
)
∂i =
L
Ω
∂t + λ
i∂ˆi.
(A.4)
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For ξ and η Carrollian Killing vectors, we define the two following quantities
{Qξ ,Qη} ≡
∫
Σt
ddxδη
[√
a ξi
(
Bi + bjΣji
)]
,
{Cξ ,Cη} ≡
∫
Σt
ddxδη
[√
a
(
XE − ξ iπi + 2biξ jAij
)]
,
(A.5)
where δη is the Lie derivative w.r.t. η acting on the metric fields and the momenta, but not
on ξt and ξ i. We want to show that, up to boundary terms,
{Qξ ,Qη} =Q[ξ,η] and {Cξ ,Cη} = C[ξ,η], (A.6)
the first result being true for any type of Carrollian conservation laws while the second one
holds only when Bi = 0.
We start with the first one, we have
{Qξ ,Qη} =
∫
Σt
ddx
[
δη
√
a ξi
(
Bi + bjΣji
)
+
√
a (δηaik)ξ
k
(
Bi + bjΣji
)
+
√
a ξi
(
δηBi + δηbjΣji + bjδηΣji
)]
.
(A.7)
We compute the infinitesimal variations of the geometric fields and the Carrollian momenta:
δηaik = η
t∂taik + η
j∂jaik + ∂iη
jakj + ∂kη
jaij = 0, (A.8)
δη
√
a = ηi∂i
√
a + ηt∂t
√
a + ∂iη
i
√
a = 0, (A.9)
δηbi = η
t∂tbi + η
j∂jbi −Ω∂iηt + bj∂iη j, (A.10)
δηBi = ηt∂tBi + η j∂jBi −B j∂jηi, (A.11)
δηΣ
ij = ηt∂tΣ
ij + ηk∂kΣ
ij − Σkj∂kηi − Σik∂kη j. (A.12)
The variation of aik and
√
a vanish because η is a Carrollian Killing vector. Then we elimi-
nate every temporal derivative of the Carrollian momenta using the conservation laws (4.5)
and (4.6). Finally performing integration by parts and using properties of the Carrollian
Killing vectors (5.7) and (5.8), we suppress every spatial derivative of the Carrollian mo-
menta to obtain:
{Qξ ,Qη} =
∫
Σt
ddx
√
a λi
(
Bi + bjΣji
)
+ b.t.=Qλ + b.t.. (A.13)
This proves that the charges Qξ form a representation of the Carrollian Killing algebra.
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We now prove the second relation. We have
{Cξ ,Cη}=
∫
Σt
ddx
[
δη
√
a
(
(Ωξt − biξ i)E − ξ iπi + 2biξ jAij
)
+
√
a
(
(δηΩξ
t − δηbiξ i)E + (Ωξt − biξ i)δηE − ξ iδηπi + 2δηbiξ jAij + 2biξ jδηAij
)]
.
(A.14)
We compute the infinitesimal variations of the geometric fields and the Carrollian momenta:
δηΩ = η
t∂tΩ + η
i∂iΩ + Ω∂tη
t = 0, (A.15)
δη
√
a = ηi∂i
√
a + ηt∂t
√
a + ∂iη
i
√
a = 0, (A.16)
δηbi = η
t∂tbi + η
j∂jbi −Ω∂iηt + bj∂iη j, (A.17)
δηE = ηi∂iE + ηt∂tE , (A.18)
δηπi = η
t∂tπi + η
j∂jπi + πj∂iη
j, (A.19)
δηAij = ηt∂tAij + ηk∂kAij −Akj ∂kηi +Aik∂jηk. (A.20)
The variations of Ω and
√
a are vanishing because η is a Carrollian Killing vector. Then
we eliminate every temporal derivative of the Carrollian momenta using the conservation
laws (5.14) and (5.15). Finally performing integration by parts and using properties of the
Carrollian Killings, (5.7) and (5.8), we suppress every spatial derivative of the Carrollian
momenta to obtain:
{Cξ ,Cη} =
∫
Σt
ddx
√
a
[(
Ω(ξt∂tη
t − ηt∂tξt + ξk∂kηt − ηk∂kξt)− bi(ξk∂kηi − ηk∂kξ i)
)
E
− (ξk∂kηi − ηk∂kξ i)πi + 2bi(ξk∂kη j − ηk∂kξ j)Aij
]
+ b.t.,
(A.21)
which corresponds to
{Cξ ,Cη}=
∫
Σt
ddx
√
a
(
LE − ξ iπi + 2biλjAij
)
+ b.t.= Cλ + b.t.. (A.22)
Therefore, up to boundary terms, the charges Cξ form a representation of the Carrollian
Killing algebra.
We can extend the previous results to the conformal Carrollian Killing algebra when
imposing Σii = 0 and the conformal state equation E = −2Aii.
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